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We demonstrate that the parity-time symmetry for sound is realized in the laser-pumped multiple-
quantum-well structure. Breaking of the parity-time symmetry for the phonons with wave vectors
corresponding to the Bragg condition makes the structure a highly-selective acoustic wave amplifier.
Single-mode distributed feedback phonon lasing is predicted for structures with realistic parameters.
Introduction.—Parity-time (PT ) symmetry, initially
proposed as a concept in quantum mechanics [1], is
now being extensively studied in optics [2–4]. A PT -
symmetric optical system is the one with a dielectric
permittivity distribution that is invariant under simul-
taneous operations of spatial inversion and complex con-
jugation. In such structure, any spatial region with a
loss is mirrored by a region of gain. Therefore, the pro-
cesses of light absorption and amplification can be com-
pensated, and the frequencies of eigen optical modes can
be real. An elementary PT -symmetric structure is a pair
of loss and gain cavities. It allows one to realize power
oscillations [5] and tailor the nonlinear response [6, 7].
In PT -symmetric photonic crystals Bragg amplification
boosts unidirectional invisibility [8–10], coherent perfect
absorption [11] and single-mode lasing [12].
Recently, the concept of PT symmetry has been in-
troduced into acoustics [13]. While the general ideas di-
rectly mimic optical structures, controllable sound ampli-
fication/attenuation requires completely different physi-
cal mechanisms than those for light. So far, the exper-
imental demonstration of PT symmetry in mechanical
system has been limited to macroscopic pendula driven
by electromagnets [14]. Another macroscopic structure
based on bulk semiconductor acoustic Cherenkov ampli-
fiers been suggested in Ref. [15]. A promising mechanism
of sound amplification and attenuation at the nanoscale
is the optomechanical cooling and heating [16]. So far
this approach has been exploited just for two coupled me-
chanical nanoresonators [17]. Here, we show that semi-
conductor multiple quantum well (MQW) structures en-
able realization of PT -symmetric phononic crystals, that,
similarly to their optical counterparts, allow for new pos-
sibilities of sound manipulation.
The quantum well structures form an established plat-
form successfully used for quantum cascade lasers [18],
sasers [19–21], phononic crystals and nanoresonators [22,
23]. Strong enhancement of photoelastic light-sound
interaction at the exciton resonance has recently been
demonstrated [24]. Here, we predict that a laser-pumped
QW with realistic parameters acts as a phonon ampli-
fier/attenuator depending on the detuning of the pump
laser from an exciton resonance. Combining QWs that
have exciton frequency positively and negatively detuned
from the laser frequency in the same structure we can re-
alize PT symmetry for sound.
Sound transmission and reflection from a single
QW.—We begin with a demonstration that a single QW
pumped by a laser light of the frequency close to the ex-
citon resonance can be used for controllable phonon am-
plification and attenuation. The Hamiltonian describing
an interaction of the longitudinal acoustic phonons with
excitons in a QW reads
H = ωxb
†b+
∑
k
Ωka
†
kak +
∑
k
b†b(gkak + g∗ka
†
k) , (1)
where ωx is the QW exciton resonance frequency, Ωk =
s|k| is the phonon dispersion with s being the speed
of sound, ak and b are the annihilation operators for
the phonons and excitons, respectively, and ~ = 1.
The last term of Eq. (1) stands for the exciton-phonon
interaction due to the deformation potential mecha-
nism [25]. The matrix element of the interaction reads
gk = ikΞk/
√
2ρΩkS, where Ξk =
∫
(Ξe|ψe(z)|2 +
Ξh|ψh(z)|2) e−ikzdz with ψe(h) and Ξe(h) being the elec-
tron (hole) confinement wave functions and deformation
potential constants, respectively, ρ is the mass density,
and S is the sample (normalization) area [26, 27].
When a QW is excited by a laser of the frequency ωL
close to the exciton resonance, the coherent exciton pop-
ulation is created. This can be taken into account by
making the substitution b → bL + b in Hamiltonian (1),
where the number of laser-induced excitons is given by
|bL|2 = (I/ωL) Γ0/[(ωL−ωx)2+Γ2x], I is the laser power,
∆ = ωL − ωx is the laser detunig, Γ0 and Γx are the ra-
diative and total exciton decay rates, respectively. The
presence of a exciton population enhances the exciton-
phonon interaction leading to the modification of the ex-
citon spectrum. This effect is described in the frame-
work of Keldysh diagram technique [28] by the exciton
self-energy correction
Σ(ω) = |bL|2
∑
k
|gk|2Dk(ω − ωL), (2)
where D
(0)
k (Ω) = 2Ωk/[(Ω + iΓp)
2 − Ω2k] is the retarded
phonon Green’s function, and Γp is the phonon decay rate
due to the unharmonicity and scattering. We calculate
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2FIG. 1. Laser-pumped multiple-quantum-well structure with
two quantum wells in the unit cell that realizes the PT sym-
metry for phonons.
the real and imaginary parts of the self-energy, Σ(ωL +
Ω) = δΩ(Ω)− iγ(Ω), separately and obtain
γ(Ω) =
|bL|2|Ξk|2Ω
2ρs3S
, (3)
δΩ(Ω) = −|bL|
2
ρs2S
V.p.
∫
Ω2k′ |Ξk′ |2
Ω2k′ − Ω2
dk′
2pi
. (4)
The real part of self-energy δΩ describes a modification of
the exciton resonance frequency. From now on we assume
that it has been already included in the exciton energy.
Contrary, the imaginary part γ leads to the pumping-
induced modification of exciton lifetime that is shown
below to cause phonon amplification and attenuation.
The transmission t(Ω) and reflection r(Ω) coefficients
of a phonon with the frequency Ω through the pumped
QW read [29],
t(Ω) =
∆2 − (Ω + iΓx)2
∆2 − (Ω + iΓx)2 + 2∆iγ(Ω) , (5)
r(Ω) = 1− t(Ω) , (6)
where ∆ = ωL − ωx is the detuning of the laser from
the exciton resonance. It follows from Eqs. (5)-(6) that
the phonon transmission and reflection coefficients have
a pole at the frequency Ω ≈ |∆| − i(Γx − γ sign ∆), that
shifts towards (away from) the real axis with increasing
γ for positive (negative) laser detuning. This effect is
similar to the optomechanical heating (cooling) [16] but
utilizes the exciton resonance instead of cavity resonance.
The maximal reflectance is achieved at the resonance fre-
quency Ω0 =
√
∆2 + Γ2x. Transmittance also has an ex-
tremum at Ω0, the resonant value of the transmission
coefficient reads t(Ω) ≈ 1 + (γ∆)/(ΓxΩ0). Hence, the
transmitted phonon is amplified if ∆ > 0 and attenuated
if ∆ < 0.
We estimate the effect of phonon amplification using
the state-of-the-art GaAs QW parameters [24, 30]. We
take Ξk ≈ 10 eV, Γx = 0.1 meV and consider 120 GHz
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FIG. 2. Phonon dispersion for (a) the PT -symmetric struc-
ture and (b) the structure with amplifying QWs only: depen-
dence of the real (solid) and imaginary (dashed) parts of the
phonon frequency on the phonon Bloch wave vector. The pa-
rameters are δωx = 0.5 meV, Γx = 0.1 meV, γ(Ω0) = 1µeV,
Γp = 0. The inter-well distance d = 10 nm is tuned to sat-
isfy the Bragg condition at the frequency Ω0. The acoustic
contrast is neglected.
phonons. Then for an exciton density realizable in ex-
periment |bL|2/S = 1010 cm−2 [31] we obtain γ ≈ 1µeV.
While this corresponds only to a 1% amplification by
a single QW, in MQW structures with hundreds of
QWs [32], amplification by several times is expected.
Methods of acoustic transmission spectroscopy applica-
ble in this context have been already developed [33].
Resonant PT -symmetric phononic crystal.—We have
shown above that the sound amplification/attenuation
is controlled by the laser detuning from the exciton res-
onance. Now we consider a periodic layered structure
consisting of QWs separated by barriers of width d, see
Fig. 1. The unit cell of the structure contains two QWs
of slightly different parameters so that their exciton reso-
nance energies are distinct, ω
(±)
x = ω
(0)
x ±δωx. When the
structure is pumped with a laser of the frequency ωL that
lies between the two exciton resonances, a half of QWs
will amplify the sound while the other half will attenuate
it. We focus on the case when the laser frequency ωL is
equal to ω
(0)
x and the sound gain and loss in QWs of the
two types have the same magnitude, hence the acoustic
PT symmetry is realized.
In order to calculate the phonon transmission coeffi-
cient through the structure we use the transfer matrix
technique for acoustic waves [34]. For each structure
layer, a QW or a barrier, we build a 2 × 2 transfer ma-
trix Tˆ linking the amplitudes of the right- and left-going
acoustic waves (denoted by + and −, respectively) at the
right layer edge with those at the left one,
Tˆ (Ω) =
1
t(Ω)
[
t2(Ω)− r2(Ω) r(Ω)
−r(Ω) 1
]
. (7)
Here, the single layer transmission and reflection coeffi-
cients t and r are given by Eqs. (5)-(6) for a QW, while for
an interwell barrier they are equal to r = 0 and t = eikd,
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FIG. 3. (a) Map of transmittance as a function of the phonon frequency Ω and the laser energy detuning ωL − ω(0)x for a
structure with N = 30 periods. Vertical line indicates the Bragg resonance frequency. (b)-(d) Cross-sections of the map at
fixed laser detunings, indicated by horizontal dashed lines in panel (a). Panel (b) corresponds to the laser energy that realizes
the PT symmetry. The parameters are the same as those for Fig. 2.
k = (Ω + iΓp)/s. The transfer matrix Tˆ1 for a structure
period is a product of the transfer matrices for two QWs
with ∆ = ±δωx and two barriers of width d. By calcu-
lating the eigenvalues e2iKd of the matrix Tˆ1 we obtain
the dispersion equation
sin2Kd =
[
1− χ2(Ω)] sin2 Ω + iΓp
s
d , (8)
where χ(Ω) = 2iγδωx/[(Ω + iΓx)
2 − δω2x]. Equation (8)
determines the relation between the Bloch wave vector of
an acoustic wave K and its frequency Ω. First, we neglect
the finite phonon lifetime Γp. If we choose Ω to be real,
we will get from Eq. (8) the value of K(Ω) that has, in
general, a non-zero imaginary part. The only exception is
the frequency Ω0 =
√
δω2x + Γ
2
x, where χ(Ω0) turns real,
so Bloch wave vector K(Ω0) is also real and acoustic wave
does not decay nor grow in space. The frequency Ω0 is the
one where the exact PT symmetry for sound is realized.
Note that due to the causality principle, the exact PT
symmetry can be realized at isolated frequency points
only [35], in our case at the frequency Ω0. The discussed
below effects of PT symmetry are still valid in a certain
vicinity of this frequency, where the deviation from PT
symmetry is negligible.
PT symmetry breaking for Bragg phonons.—Of partic-
ular interest is the case when the frequency of PT sym-
metry matches the Bragg resonance condition, Ω0/s =
pi/2d. In what follows we focus on this case. Using the
Taylor expansion for Eq. (8) in the vicinity of Ω = Ω0
and K = pi/2d we obtain the dispersion law of acoustic
Bloch modes
Ω(K) = Ω0 ±
√
s2(K − pi/2d)2 −G2 , (9)
where G = (s/d)χ(Ω0) = 2γδωx/piΓx is the maxi-
mal mode decay/gain rate. The dispersion law of the
real and imaginary parts of the frequency Ω(K) of the
acoustic Bloch mode in the PT -symmetric structure is
shown in Fig. 2a. It follows from Eq. (9) and Fig. 2
that the frequencies Ω(K) corresponding to the Bloch
states with wave vector far from the Brillouin zone edge,
|K − pi/2d| > G/s, are real, which is a consequence
of PT symmetry. On the other hand, the frequencies
of the two Bragg acoustic modes with the wave vector
|K−pi/2d| < G/s have non-zero imaginary parts and are
complex conjugate to each other. This can be interpreted
as PT symmetry breaking for these modes: Indeed, the
standing acoustic wave with the wave vector K = pi/2d
matching the Bragg condition can either have the defor-
mation nodes in the amplifying QWs and the antinodes
in the attenuating QWs, or vice versa, resulting in the
net gain or loss, respectively.
For comparison we consider the structure where all at-
tenuating QWs are removed, i.e. an array of amplifying
QWs with the inter-well distance 2d. The sound disper-
sion in such structure is shown in Fig. 2b. In that case
the frequencies of all Bloch modes have positive imag-
inary part. As a result, many acoustic modes are am-
plified simultaneously, in contrast to the PT -symmetric
structure, where the modes only within a narrow range
of wave vectors are amplified.
Highly selective sound amplification.—The sound
transmission coefficient through the structure with N pe-
riods is readily expressed via the corresponding transfer
matrix element as tN (Ω) = 1/[Tˆ
N
1 (Ω)]−−. Figure 3a
shows the map of the PT -symmetric structure trans-
mittance vs the phonon frequency and the laser detun-
ing. The areas of amplification (red color) of transmit-
ted sound lie above of either of two resonances, while
the areas of attenuation (blue) lie below them. In agree-
ment with Eq. 5, maximal amplification/attenuation oc-
curs when Ω = |ωL − ω(±)x |. The areas of amplification
and attenuation intersect at ωL = ω
(0)
x , which is a signa-
ture of acoustic PT symmetry. The cross-section of the
map showing the dependence of transmittance on phonon
frequency in this case is shown in Fig. 3b. One can see
that the transmittance is close to unity at all phonon
frequencies except for a narrow frequency region around
the Bragg resonance. The former is the consequence of
4the PT symmetry while the latter is due to the PT sym-
metry breaking for the Bragg phonons discussed above.
Transmission spectrum in the vicinity of the Bragg reso-
nance is described by
|tN (Ω0 + ω)|2 = 1 + G
2 sin2[
√
ω2 +G2L/s]
ω2 +G2 cos2[
√
ω2 +G2L/s]
, (10)
where L = 2dN is the structure length. It follows
from Eq. (10) and Fig. 3b that the width of the fre-
quency region where the sound is amplified shrinks
as 2
√
(Ω0/N)2 −G2 with the increase of the structure
length.
The highly selective sound amplification is a hallmark
of PT -symmetric system. For comparison we consider
the case when the laser is detuned from ω
(0)
x and no PT
symmetry is present. Shown in Fig. 3c is the sound trans-
mittance for the case when laser frequency lies slightly
above the exciton resonance ω
(−)
x . In that case, the
sound is amplified in a much broader frequency range
of the width Γx that does not change with the increase
of the structure length. Figure 3d corresponds to the
laser frequency tuned in such way that the Bragg con-
dition is satisfied only at the high-energy exciton res-
onance, ωL = ω
(+)
x + pis/(2d). In that case the QWs
with low-energy exciton are off-resonant, so the structure
is equivalent to that with all low-energy QWs removed.
Phonon dispersion in such structure suggests that the
Bloch modes with positive imaginary part of the eigen-
frequency exist in a wide range of wave vectors, even
though there is some boost at the Bragg resonance, see
Fig. 2b. Concomitantly, in the transmission spectrum
Fig. 3d both the narrow peak and the wide background
are present, so the resulting amplification selectivity is
low.
Phonon lasing transition.—Finally, we discuss the pos-
sible application of the proposed PT -symmetric acous-
tic crystal to achieve distributed feedback single-mode
phonon lasing. With increase of the structure length the
amplification peak grows while its width decreases, see
Fig. 3b. We plot in Fig. 4 by thick solid curves the depen-
dence of the transmission maximum |t(Ω0)|2 on the num-
ber of periods in the structure. The curves are calculated
for the different values of γ that are proportional to the
pump laser intensities, and for finite phonon decay rate
Γp = 1µeV [36]. At low pump rate the transmission coef-
ficient tends to zero when N →∞, see the black curve in
Fig. 4. The behavior changes drastically when the value
of Bragg mode amplification G surpasses the phonon de-
cay rate Γp. This takes place for γ > piΓxΓp/2δωx and
means that the infinite structure becomes unstable. Con-
sequently, the dependence of the transmission coefficient
on the structure length diverges at a certain number of
periods, see blue and red curves in Fig. 4. The diverging
transmission coefficient indicates that a complex eigen-
frequency of the structure has reached the real axis and
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FIG. 4. Dependence of the resonant sound transmission
(thick) and reflection (thin) coefficients on the number of pe-
riods in the structure N plotted for different powers of pump
laser, characterized by the value of γ. Vertical dashed lines
indicate the acoustic lasing transition. Inset: Dependence of
the critical value of γ on the number of periods N . Calcu-
lation is made for Γp = 1µeV and other parameters are the
same as for Fig. 2.
further increase of the structure length or the laser power
will lead to this pole acquiring a positive imaginary part,
meaning the phonon lasing transition. The critical num-
ber of periods is given by
Nc =
1
pi
Ω0√
G2 − Γ2p
(
pi
2
+ arcsin
Γp
G
)
, (11)
and decreases with the increase of the laser power. The
dependence of the critical value of γ on the number of
periods in the structure is shown in the inset of Fig. 4.
The value of γ = 1µeV corresponds approximately to the
pump laser intensity 1 mW per µm2 cross-section.
Even if the structure itself is amplifying but not yet
lasing, one can attain the lasing by embedding it into an
acoustic cavity [37]. The simplest approach is to place
the considered above resonant acoustic crystal near an
interface with vacuum. Assuming perfect phonon reflec-
tion from the interface, and tuning the distance from the
interface to the first amplifying QW to λ/4, we will get
lasing as soon as |r(Ω0)| > 1. Shown in Fig. 4 by thin
curves is the dependence of the reflection coefficient on
the structure length. One can see that |r(Ω0)| reaches
unity in the structures that are twice shorter than criti-
cal. This is because the mirror reflection from the inter-
face makes the structure efficiently twice longer, conse-
quently reducing the critical length of lasing by the factor
of 2.
To summarize, we propose to use laser-pumped quan-
tum wells for phonon manipulation at the nanoscale level.
Phonon amplification and attenuation by a quantum well
with realistic parameters can be controlled by the laser
detuning and intensity. We show how to combine quan-
tum wells with red- and blue-detuned exciton resonances
5in the same structure in order to realize the acoustic PT
symmetry. Such resonant acoustic crystal turns out to
be a highly-selective sound amplifier, which can be used
to achieve the PT -symmetric single-mode phonon lasing.
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Supplemental Material: Derivation of the sound transmission and reflection
coefficients for a pumped quantum well by means of the Keldysh diagram technique
First, we calculate the Green’s function of a QW exciton dressed by interaction with phonons. Due to the presence
of coherent pump, in addition to retarded and advanced exciton functions GR and GA, we need also Beliaev propa-
gators G and G×, corresponding to creation of exciton pair from condensate of excitons generated by laser, and its
annihilation, respectively. It is convenient to arrange these functions in a matrix [28]
GˆR(ω) =
[
GR(ω) G(ω)
G×(ω) GA(2ωL − ω)
]
. (S1)
Dyson equation for the dressed exciton Green’s function reads
(GˆR)−1 = (GˆR0 )
−1 − ΣˆR , (S2)
where bare exciton Green’s function is given by
GˆR0 (ω) =
[
GR0 (ω) 0
0 GA0 (2ωL − ω)
]
=
[
(ω − ωx + iΓx)−1 0
0 (2ωL − ω − ωx − iΓx)−1
]
, (S3)
while ΣˆR is the exciton self-energy. The contributions of the first order in |bL|2 to the self-energy shown in Fig. S1
give
ΣˆR(ω) = Σ(ω)
[
1 e2iφ
e−2iφ 1
]
+ Σ(ωL)
[
1 0
0 1
]
, (S4)
where eiφ = bL/|bL| and Σ(ω) is given by Eq. (2) of the main text. Solution of the Dyson equation (S2) then gives
GˆR(ω) =
1
∆2 − (Ω + iΓx)2 − 2∆Σ(ω)
[
∆− Ω− iΓx − Σ(ω) Σ(ω)e2iφ
Σ(ω)e−2iφ ∆ + Ω + iΓx − Σ(ω)
]
, (S5)
where Ω = ω − ωL and ∆ = ωL − ωx − Σ(ωL). Note that Σ(ωL) is real.
FIG. S1. Main contributions to the exciton self-energy ΣR. Straight lines represent exciton, wavy lines represent phonons. An
incoming (outgoing) line with star stands for laser-generated exciton polarization bL (b
∗
L).
7Finally, we express transmission and reflection coefficients of a phonon with wave vector k via exciton Green’s
functions,{
tk − 1
rk
}
=
{
gkg
∗
k
g−kg∗k
}
|bL|2
[
GR(ωL + Ωk) +G
A(ωL − Ωk) + e2iφG×(ωL + Ωk) + e−2iφG(ωL + Ωk)
]
, (S6)
which after simplification yields
rk = − 2i∆Im Σ(ωL + Ωk)
∆2 − (Ωk + iΓx)2 − 2∆Σ(ωL + Ωk) , tk = 1− rk . (S7)
Neglecting the real part of Σ while keeping Im Σ(ωL + Ω) = −γ(Ω) we obtain Eqs. (5)-(6) of the main text.
